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We explore protoneutron star matter in the framework of cold and dense QCD using the state-of-
the-art perturbative equation of state including neutrinos fixed by a lepton fraction that is appro-
priate for this environment. Furthermore, we calculate the modifications in the lepton-rich equation
of state showing that stable strange quark matter has a more restricted parameter space.
PACS numbers: 25.75.Nq, 11.10.Wx, 12.39.Fe, 64.60.Q-
I. INTRODUCTION
Compact stars are natural astrophysical laboratories
to investigate the nuclear strong interaction under ex-
treme conditions [1], as spectacularly illustrated by the
detection of gravitational waves coming from a binary
neutron star merger [2] and the possibilities it brings to
probe properties of neutron star interiors [3].
The stellar structure and the many possible phases
that could be found in neutron stars stem from the equa-
tion of state (EoS) for strongly-interacting matter com-
bined with powerful gravitational effects. Unfortunately,
the EoS is poorly known at densities of the order of the
saturation density, n0 ≈ 0.16 fm−3, and above. This sec-
tor in the parameter space of quantum chromodynamics
(QCD) is still not accessible to lattice simulations due to
the sign problem [4]. However, one can still resort on cold
and dense perturbative QCD (pQCD) [5, 6], which pro-
vides a controllable approximation even though its region
of validity corresponds to much higher baryon densities.
The state-of-the-art EoS within this approach was ob-
tained in Ref. [7], and goes well beyond the MIT bag
model as it was shown in Ref. [8].
In this work, we are interested in studying the early
stage of life of neutron stars, i.e., protoneutron stars
(PNS). Matter in the interior of PNS is hot and lepton
rich, so that one has to incorporate a non-zero fraction of
trapped neutrinos in the framework [9, 10]. Here, we ex-
plore PNS matter using the state-of-the-art perturbative
equation of state for cold and dense quark matter, con-
straining it to take into account the presence of a fixed
lepton fraction in which both electrons and neutrinos are
included. Trapped neutrinos modify the parameter space
of the cold pQCD equation of state. In addition to com-
puting the new features in the lepton-rich equation of
state due to the presence of trapped neutrinos, we also
show that stable strange quark matter is less favorable
in this environment. For more details, see Ref. [10].
This work is organized as follows. In Sec. II we
briefly review some of the properties of the state-of-the-
art lepton-poor EoS from pQCD. In Sec. III we discuss
pQCD matter in the presence of electrons and trapped
neutrinos to compute lepton-rich thermodynamic observ-
ables. In Sec. IV we study the allowed parameter space
for stable strange quark matter. Finally, Sec. V contains
our summary.
II. LEPTON-POOR QUARK MATTER
The pressure for cold and dense QCD matter in the
framework of pQCD with massless quarks was first com-
puted to order O(α2s) many years ago [11, 12] (see also
Ref. [13]). Later it was recomputed with a modern def-
inition of the running coupling and used to model the
nonideality in the EoS [14] (see also Ref. [15]), also for
massless quarks. Quark mass effects have been studied
in early days in Refs. [16, 17] in the context of quark
stars [18] and strange matter, respectively. Later, such
effects have been described in the MS scheme in Ref.
[19] to O(αs), where it became clear that quark mass ef-
fects and its associate running through the renormaliza-
tion group equations can be significant in the physics of
compact stars. The state-of-the-art pQCD EoS for cold
quark matter, including renormalization group effects up
to O(α2s) in the strange quark mass and strong coupling,
was obtained by Kurkela et al. [7] (see also Ref. [20] for
direct comparison with astrophysical observations).
Since the QCD thermodynamic potential is calcu-
lated perturbatively, its truncation generates an un-
known scale, Λ¯, associated with the subtraction point
for renormalization. For T = mf = 0, Λ¯ is proportional
to the quark chemical potential, µ, and this freedom gen-
erates an uncertainty band. We adopt the standard fidu-
cial scale Λ¯ = (2/3)µB , where µB is the baryon chem-
ical potential. For the strange quark mass we choose
ms(2 GeV,Nf = 2 + 1) = 92 MeV [21] and, for the
strong coupling constant, αs(1.5GeV, Nf = 3) = 0.336,
which allows us to fix the renormalization point in the
MS scheme to ΛMS = 315
+18
−12 MeV [22]. For convenience,
we define the dimensionless renormalization scale to be
X ≡ 3Λ¯/µB . The behavior of the pressure obtained in
Ref. [7], which we refer to as KRV from now on, as a
function of µB is illustrated in Fig. 1.
III. LEPTON-RICH QUARK MATTER
In order to explore the first moments of life of neu-
tron stars as protoneutron stars formed at the early post-
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FIG. 1. Total pressure of a gas of up, down and massive
strange quarks plus electrons up to three-loops [7] normalized
by the Stefan-Boltzmann free pressure for different values of
X. Local charge neutrality and β-equilibrium were imple-
mented.
bounce stage of core collapse supernovae, one has to con-
sider an EoS that is rich in leptons. In particular, one
has to include trapped neutrinos in the pQCD frame-
work. In the following, we set a widely accepted value
for lepton fraction in PNS matter, i.e., YL = 0.4 [23, 24],
which forces us to introduce a chemical potential for the
neutrinos, µν .
As usual, we define the total quark number density as
n = nu(µu, X) + nd(µd, X) + ns(µs, X) , (1)
where each quark density depends on its respective chem-
ical potential and on the renormalization scale X. The
baryon number density is defined as nB = n/3. Since
we aim to study the properties of compact stars, one has
to impose charge neutrality and lepton fraction conser-
vation. Doing it locally:
2
3
nu − 1
3
nd − 1
3
ns = ne , (2)
ne + nν
nB
= YL = 0.4 , (3)
while the weak interaction equilibrium conditions imply
µd + µν = µu + µe, (4)
µd = µs ≡ µ . (5)
Here, µu, µd, µs, µe and µν are the chemical potentials
of the up, down and strange quarks, the electron and the
electron neutrino. The latter are introduced as degener-
ate Fermi gas contributions.
Using the constraints above, we can write all quark and
lepton chemical potentials in terms of the strange quark
chemical potential, µs ≡ µ, only. Following Kurkela
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FIG. 2. Total pressure of quarks and leptons for a fixed lepton
fraction (YL = 0.4) in dashed lines for the band X ∈ [1, 4]. In
solid lines we show the lepton-poor case (KRV).
et al. [7], we use the quark and lepton number densities
as the building blocks from which one can construct the
thermodynamic variables, in our case the total pressure,
demanding thermodynamic consistency at each step of
the calculation and preserving terms up to O(α2s).
When some quark density flavor nf (µf , X) becomes
negative below a given chemical potential flavor, µf <
µ0f (X), we set it to nf ≡ 0. Integrating the number
densities from their minimal value µ0f (X) to some arbi-
trary strange quark chemical potential µ and taking into
account Eqs. (2)–(5), we obtain the total pressure for
lepton-rich quark matter as follows:
P (µ,X) =
∫ µ
µ0(X)
dµ¯
[
nu
(
1 +
dµν
dµs
− dµe
dµs
)
+ nd + ns + ne
dµe
dµs
+ nν
dµν
dµs
]
. (6)
We express the pressure as a function of the baryon chem-
ical potential, P = P (µB), where µB = µu + µd + µs. In
Fig. 2 one can see how the cold quark matter EoS (KRV)
is modified by the presence of trapped neutrinos (YL) for
different values of the renomalization scale X. Notice
that, at high µB , since ms(X) tends to be constant [7, 19]
and αs(X) is non-zero (unless we are at asymptotically
high densities [7]), the total pressure of quarks and lep-
tons will increase faster, in contrast to the lepton-poor
case. However, at low µB , the lepton-poor total pressure
appears to be higher (see Ref. [10] for a discussion). To
clarify this issue, we show, in Fig. 3, the total pressure
of quarks and leptons as a function of nB .
IV. LEPTON-RICH STABLE STRANGE
QUARK MATTER
Bodmer [25] and Witten [26] investigated in differ-
ent contexts a system formed by massless up, down and
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FIG. 3. Total pressure of quarks and leptons for a fixed
lepton fraction, YL(X), and the lepton-poor case, KRV(X),
as a function of the baryon number density nB .
.
strange quarks. If they have at zero pressure a energy
per baryon
E/A ≤ 0.93GeV , (7)
i.e., lower than the most stable nuclei Fe56, one would find
configurations of absolutely stable strange quark matter
(SQM) as the true ground state of hadronic matter in
the vacuum.
We explore the criterion above using the thermody-
namic potential discussed in Sec. III. To do that, we
use the Hugenholtz-Van Hove theorem [27] generalized
to a system with many components [28]. It requires only
the quark and lepton densities and chemical potentials
as input, giving the following energy per baryon:
E(µs, X)
A
=
nu
nB
(µν − µe) + 3µs , (8)
where we implicitly assumed that all the quantities on
the rhs of the equation above are functions of the strange
chemical potential µs and renormalization scale X.
Constraining the values of X such that µs and ns are
not zero and satisfy Eq. (7) we obtain, for the cold case,
X ∈ [2.95, 4], and for the lepton-rich case X ∈ [3.45, 4],
as it can be seen in Fig. 4. Even if the parameter space
of X is not radically modified when trapped neutrinos
are included, one can notice from Fig. 4 that the band
for X tends to shrink to µB ∈ [0.86, 0.88]GeV for van-
ishing pressure (as compared to µB ∈ [0.803, 0.93]GeV in
the cold case). Figure 4 also indicates that lepton-rich
strange quark matter becomes essentially independent of
the renormalization scale X.
One can infer from this that the presence of leptons
fixed to some non-trivial value makes the SQM hypoth-
esis less favorable, i.e., the stability windows of critical
densities with vanishing pressure is narrower. A similar
behavior was observed in Ref. [29], where the authors
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FIG. 4. Total normalized pressure for quarks and leptons
with YL = 0.4 allowing the SQM hypothesis (YL, in dashed
lines). For comparison, we show also the pressure for lepton-
poor strange matter (KRV[X]SQM, in solid and dot-dashed
lines).
also included finite-temperature contributions in differ-
ent quark models. This leaves us with X ∈ [1, 3.44] for
lepton-rich quark matter having as ground state hadronic
matter in the vacuum.
V. SUMMARY
In this work we have explored protoneutron star mat-
ter, i.e., stellar matter formed after a core-collapse su-
pernova explosion which after a minute produces a reg-
ular neutron star, using the state-of-the-art perturbative
equation of state for cold and dense QCD matter in the
presence of a fixed lepton fraction in which both electrons
and neutrinos are included. Finite-temperature effects on
the equation of state can be neglected since they have a
minor effect in the PNS scenario we have in mind where
densities are high enough compared to thermal effects.
Even if the presence of neutrinos does not modify ap-
preciably the EoS at low densities compared with other
effective models for lepton-rich quark matter, for some
values of the renormalization scale X their presence sig-
nificantly increases the pressure as one goes to higher
densities, still within the region relevant for the physics
of PNS, making the EoS stiffer.
Modifications in the equation of state due to the pres-
ence of trapped neutrinos were investigated showing that
the stable strange quark matter hypothesis is less favor-
able in this environment, i.e., the parameter space for
the formation of strange quark matter with neutrinos de-
creases considerably.
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